We present a model for stock price and volume behaviour during market crashes. The model incorporates a market mechanism for the share exchange between buyers and sellers while taking into account their cash balances. Using an analytical approach and the Monte-Carlo technique for the simulation of the trading volume, we analyzed the dynamics of the stock price and trading volume during market crashes. The trading volume was simulated through the trading exchange process using Monte-Carlo technique. We found that trading volume is inversely proportional to the square of the stock price in the case of the sharp price declines. This result is empirically supported in price and volume data for major recent US stock bankruptcies and market crashes, including Lehman Brothers Inc, Enron, Wachovia, Washington Mutual, Citigroup, Merrill Lynch, and MF Global. The results of the analytical approach may be used for marketing analysis of the sales in the case of the shocking market conditions.
Introduction
Stock price modeling has an extensive empirical and theoretical research history. Existing mathematical models have mainly focused on the empirical investigation of the time-series of price returns and volatility. Two main fundamental assumptions of stock price dynamics are important. The assumption of the random walk of the return movement was suggested by Bachelier in 1900. Stock returns were considered as a series of independent "shocks", which, by the Central Limit theorem, leads to the Gaussian distribution of returns. The Efficient Markets Hypothesis (EMH) plays a key role in the assumption of the random walk, which allows to widely use the Black-Scholes paradigm for the valuation of the derivative instruments (Black & Scholes, 1973) . The EMH assumes that market participants possess homogeneous information, and therefore the hypothesis can be applied in limited real-life settings. Numerous empirical studies have shown that the stock market does not follow a random walk. Lo and MacKinlay (1988) used the Dickey-Fuller test to demonstrate that the Random Walk Hypothesis is violated over short horizons. Mandelbrot (1963) demonstrated that price crashes occur much more frequently than what would be predicted by a log-Normal distribution. Mandelbrot suggested that the exchange of money as an economic interaction can be considered by analogy as the exchange of energy between gas-phase molecules. Chatterjee and Chakrabarti (2007) empirically showed that the income and wealth distribution was close to the Gibbs distribution of energy of an ideal gas. Although there are similarities between the collision theory of the ideal gas and the Random Walk price dynamics of the trading market, the interaction between agents in the trading market can deviate from the collision theory because of the properties of the self-organized market and uncertain human behaviour.
The trading volume in the technical analysis is analyzed with the information of the growth or decline of the stock price movement, for example, Caginalpa and Desantisa (2011) pointed out that if the stock price is growing, but the trading volume is declining, stock price growth is considered by technical analysts as unstable.
The analysis of the price and trading movements can distinguish the bearish and bullish markets and investors sentiments about stocks, since the inverse dependence of the volume of shares on the stock price is defined from the interactions of the demand and supply curves. Chordia, Subrahmanyam and Anshuman (2001) and Baker and Wurgler (2007) investigated the relationship between the investor sentiment and stock price returns. Baker and Stein (2004) developed the model of the secondary market liquidity related to the price impact for the prediction of the returns. Admati and Peiderer (1988) presented a model, in which concentrated-trading patterns arise endogenously as a result of the strategic behavior of liquidity traders and informed traders. Admati and Peiderer (1988) provided a partial explanation for some of the empirical findings concerning the patterns of volume and price variability in intraday transaction data. Huddart, Lang and Yetmen (2009) used large sample data of stock price and trading volume using technical analysis. Huddart, Lang and Yetmen (2009) found that the trading volume was strikingly higher, in both economic and statistical terms, when the stock price crossed either the upper or lower limit of its past trading range. The price returns were reliably positive and, among small investors, trades classified as buyer-initiated are elevated. Chen, Hong, and Stein (2001) developed a series of cross-sectional regression specifications to forecast skewness in the daily returns of individual stocks. They empirically observed the relationship between positive/negative skewness of the stock price return and the trading volume relative to trend over the prior six months. Goetzmann and Massa (2008) used a large sample of individual accounts over a six-year period in 1990's to find a direct link between individual investor behavior and asset price dynamics. Goetzmann and Massa (2008) showed that aggregated factors from individual investment decisions are statistically related to returns, volume and volatility. Lee and Swaminathan (2008) showed that the historical volume improves to reconcile intermediate-horizon "underreaction" and long-horizon "overreaction" effects.
The empirical dependence of trading volume on the stock price return was studied by Lo and Wang (2006) and Llorente, Michaely, Saar (2002) . Llorente, Michaely and Saar (2002) propose the model, for which the trading process is driven by investor's expectations of the future stock price returns and exposure to the risk in equilibrium conditions. Lo and Wang (2006) describe an intertemporal equilibrium model of stock trading and pricing with multiple assets and heterogeneous investors.
Although the inverse dependence of trading volume on the stock price for market crashes is well-known, the study of dependence of the trading volume on stock price movement during market crashes has received relatively little attention in the academic literature. The aim of this work was to study the trading volume behaviour during market crashes and the impact of the stock price declines on the growth of the trading volume. The main goal of this work is to use an analytical approach in the description of the trading volume and stock price so that the basic features of the market trading process between buyers and sellers can be determined. We present a model which incorporates the mechanism of the cash-flow exchange between buyers and sellers via trading shares in the stock market. In this work, we employ both analytical approach and Monte-Carlo techniques to describe the general relations between the stock price and trading volume during market crashes. The aim of this work was to study the extreme market conditions and their impact on the dynamics of the stock price and trading volume. The model may potentially explain the stock price dynamics at the market crashes.
The Model
The trading process can be viewed as an exchange of cash and shares between market participants. The exchange between buyers and sellers is driven by different views for the valuation of the shares, with the buyers viewing the shares as undervalued, and the sellers viewing them as overvalued. We assume that the buyer intends to spend C a in cash on the shares of a particular stock, and values the undervalued stock at P b . Then we can define his hypothetical number of shares as:
The number of shares A s is known for a seller s. The proposed assumption of the hypothetical buyer's shares allows us to apply the interaction between the buyers and shares in the same dimensionality.
The trading exchange may occur for the specific time interval with the probabilistic function R , which will be called the exchange rate. The rate of interaction between two groups of agents will be proportional to the shares b A , s A , and the exchange rate, which is defined by the probabilistic function i R .
The rate of interaction for shares at time t can be expressed as:
where i J is the number of elementary exchanged shares. The total exchange volume is
where N is the number of sets of buyers and sellers, J is the total number of trades for a specific time interval, i.e. the trading volume. In contrast to the model of the kinetic exchange of the wealth suggested by Chatterjee and Chakrabarti (2007) , the current model does not assume that the properties of the trading market are similar to the properties of the ideal gas phase. According to the reflexivity approach developed by Soros (1987) , participant understanding of the market is imperfect with different expectation views of the stock price valuation. Therefore, the exchange rates, R i , are the stochastic functions, which describe the expectation view of the market participants. If the stock market is in the equilibrium, then Equation (3) describes the stochastic process of the trading volume.
Panic market conditions are characterized by the properties of the self-organized market, for which almost all agents have similar expectations of the stock price decline (Soros, 1987) . Applications of the various hedging strategies to survive the money paper wealth are very limited because of the limited number of investors, which want to buy the shares with low credit quality or set of seller of the shares significantly exceeds the portion of the market participants, which want to buy. In this case, the expectation prices of the buyers are almost the same for different groups of agents; moreover, the exchange rates R i are assumed almost the same:
It is necessary to take into account that for the panic market conditions, the expectation price of the buyers is defined by the current stock price of the market. Therefore, the equation of the total trading volume is simplified:
We can conclude that the cash balance exists between sellers and buyers during trading. Therefore, using Equations (1) and (5) and cash balance, i.e. the sellers convert existing shares si A to the cash with price P, we have:
Since the money market is much larger than the market of the given shares, the impact of the depreciation of the shares cannot significantly influence the money market. Therefore, the trading volume is almost independent from the money market. Thus, Equation (6) can be simplified:
where
Thus, we can see that two main regimes of stock price movement may exist: stochastic dynamics, Equation (3), and price-driven dynamics, Equation (7). Obviously, Equation (7) describes the ideal case, when all agents follow the same law of market panic condition. If the process doesn't follow the conditions (4, 8), the trading volume follows the random-walk movement.
Results

Monte-Carlo Simulation of the Trading Volume
To understand the trading process between buyers and sellers for shocking market conditions, we developed a Monte-Carlo technique (MC) for the simulation of the trading volume (MCTV). The MCTV simulation gives useful information of the relationship between the trading volume and stock price in the case of the equilibrium of the cash-share exchange between buyers and sellers.
To describe the elementary process, the geometric Brownian motion of the stock price was applied to establish the stock price stochastic process, i.e. the stock price can migrate in random directions with volatility  with initial price 0 P . The initial cash volume for trading was selected, 0 C . The total number of shares for each trading was calculated from the equation:
The sellers may exchange shares for cash and buyers may exchange cash for shares in a homogeneous medium with probability 
Equations (10, 11) described the rational behaviours of buyers and sellers, for example, the probability buyer Pr increases as the stock price decreases and the probability seller Pr decreases as the stock price decreases. All pairs of shares from buyers and sellers were monitored to count the trading events. The elementary trade for each pair from b A and s A was observed, if the Bernoulli trial probability did not exceed the product buyer seller Pr Pr . Then, the elementary trading events were summarized for each simulated stock price ) (t P . One simulation period was called as the simulated trading day. The simulation of the daily trading volumes were carried out for 10000 times and repeated 100 times for different trading days with the given initial conditions. The periodic time boundary conditions for different trading days were established. The MC measurements of the dependence of the daily trading volume on the daily last price were monitored after the simulated elementary cash-share exchange.
The proposed MCTV simulation technique differed from the agent-based model of the trading volume proposed by Palmer et al. (1994) and Chen and Liao (2005) . According to our MCTV method, the trading volume was driven by the stochastic process of the stock price and stock price does not depend on the trading volume. The MCTV technique applied the simulation of the elementary process of cash-share trading exchange taking into account the properties of the market agents as the properties of the self-organized market.
Our MCTV method did not contradict to the no-arbitrage principle of the equity market, since the trading volume is driven by the dynamics of the stock price as geometric Brownian motion. No-arbitrage condition was confirmed by the Monte-Carlo measurements of the total cash balance between buyers and sellers for the period of the 100 simulated trading days: the testing of null hypothesis of the zero cash balance showed that the p-value was less than 2%.
Ideally, the simulation of trading process should include the simulation of the market system, such as an order-driven market, however, we assumed that the elementary trading exchange occurs irreversibly and instantaneously without interface resistance between buyers and sellers through the market system. The simulation of the market system is out of scope for the work. The measured trading volume for each stock price can be considered as ex-post data, when the steady-state equilibrium of price-volume was reached.
To test the inverse price squared dependence, Equation (7) was transformed in the form:
where a is the trading cash term, i.e. ) ( c R Ln a  , k is the slope parameter for the test of 2   k .
The observed slope coefficient is calculated from the expression:
obs k is the measured slope coefficient.
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International Journal of Marketing Studies Vol. 6, No. 1; 2014 From Equation (12), the observed slope coefficient consists of the constant term and the term, which can depends on the trading cash, which can actually be a random parameter:
As can been seen from Equation (14), the observed slope coefficient can be changed in the high range, if (1) the stochastic stock price movement is in the small range, and (2) if the trading cash follows the random-walk movement. In our work, we investigate the shocking market conditions, when stock prices change in the large range and stock market follows the herd behavior. Therefore, two stock price dynamics were investigated in the MC simulation. For the first simulation condition, the initial stock price was constant and was equal to artificial 10 currency units (CU) per share with constant trading cash. For the second simulated trading process, the initial stock price was linearly changed for each trading days (30 days) from 5 CU per share to 100 CU per share with constant trading cash.
The trading cash amount was equal to the artificial 1000 currency units (CU) for MCTV simulation. If the initial equilibrium price of 10 CU/share, the initial pool of shares supplied by the seller was 100 shares. The initial total number of pairs of shares (buyer-sellers) was equal to 10000. The stochastic process of the stock price was simulated with zero drift, volatility 0.01% and step-time 0.01. The standard deviations s  and b  were equal to 0.575 CU. After 10000 simulations, the trading volume and the last price were measured for 1 simulated trading day. Figure 1 summarizes the results of the simulation of the trading volume as the dependence of the trading volume on the stock price in the logarithmic scale. Figure 1a represents the simulation of the trading volume in the case of the constant initial stock price of 10 CU per share for different trading days. As we expected, the trading volume exhibited the random-walk process in the case of the stochastic process of the stock price, Figure 1a . In contrast to the random-walk process, Figure 1b shows the dependence of the simulated trading volume on the different initial daily stock prices from 5 CU per share to 100 CU per share (b). Liner dependence of ln(J) on ln(P) was clearly observed according to Equation (7) with slope coefficient close to (-2). Thus, if the initial stock prices change in the high range with constant trading cash, the dependence of the simulated trading volume vs. 1/P 2 is clearly monitored, see Figure 1b . Figure 1 . The results of the Monte-Carlo simulation of the trading volume as dependence of the trading volume on the stock price Note: Two stock price dynamics were investigated in the MC simulation. For the first simulation condition (a), the initial stock price was constant and was equal to 10 CU per share (a). For the second process (b), the initial stock price was linearly changed for each trading days (30 days) from 2 to 100 CU per share.
Empirical Tests at the Market Crashes
We now test our model on major bankruptcies in of US stocks during the most recent crises. We consider monthly and daily prices and volume data for each stock during the period of its respective collapse. The following companies are considered: Lehman Brothers Inc, Enron, Wachovia, Washington Mutual, and MF Global. We also investigated the sharp price declines of two companies during market crisis: Citigroup and Merrill Lynch. For the regression analysis, we can select stock price data from the price peak to the minimum price data in the slope. Although our data selection could include the outliers, this approach was considered as more unbiased. From the regression analysis, the sharp price decline of Lehman Brothers is characterized by the slope coefficient -1.55, which is close to the theoretical predicted value -2, see Figure 4 . Since we don't know the time interval of the panic behaviour of the agents, we don't know the perfect time frame for the regression analysis. We can select the pattern inside in the slope, in this case the slope coefficient will be very close -2, but this approach would be biased. The difference between observed slope coefficient (-1.55) and theoretical value (-2) can also be explained by the stochastic term, see Equation (14), which is related to the assumption that not all agents follow the herd behavior (in the case of the contribution of the stochastic term, the coefficient 2
To exclude survivorship bias in our analysis, we used two statistical filters. Fist filter excluded slope coefficients data, which were statistically insignificant from the test of rejection of null hypothesis with level of significance 5%. Second filter selected the stable stock price decline pattern; for example, for daily data prices the arithmetic average, of the daily stock price returns was calculated for the time frame of 47 business days (for monthly data, 12 month average was used). This second filter selected slope coefficients data, if the average returns were lower than (-0.001). These two filters provided the robust empirical test of the regression parameters. The time frames for regression analysis were 12 month and 100 days for monthly data and daily data, respectively.
Figures 5 and 6 show the time dependence of average return and slope confidents for Enron and Citigroup during market crashes in 2001 and 2007. As can been seen, the slope coefficients asymptotically reached the level of (-2) with degreasing stock price returns. Thus, the empirical tests clearly confirmed the inverse dependence between trading volume and the stock price during market crashes.
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International Journal of Marketing Studies Vol. 6, No. 1; 2014 Similar linear dependences between trading volume and inversely proportional to the square of the stock price were observed for companies with credit events: Merrill Lynch, Enron, Wachovia, Washington Mutual, and MF Global. We selected the slope coefficients data with the minimum average return. Table 1 summarizes the results of the regression tests. 
